
GeneratingSmallCombinatorialTestSuites
to Cover Input-OutputRelationships

ChristineT. Cheng Adrian Dumitrescu Patrick J.Schroeder
Departmentof ComputerScience

Universityof Wisconsin–Milwaukee,Mil waukee,WI 53211,USA.�
ccheng, ad, pats � @cs.uwm.edu

February13,2004

Abstract

In this paper, we considera problemthatarisesin blackbox testing:generatingsmall test
suites(i.e., setsof test cases)wherethe combinationsthat have to be coveredare specified
by input-outputparameterrelationshipsof a softwaresystem.That is, we only considercom-
binationsof input parametersthat affect an outputparameter, andwe do not assumethat the
inputparametershave thesamenumberof values.To solve this problem,we revisit thegreedy
algorithm for testgenerationandshow that the sizeof the testsuite it generatesis within a
logarithmicfactorof theoptimal. Unfortunately, thealgorithm’smainweaknessesareits time
andspacerequirementsfor construction.To addressthis issue,wepresentaproblem reduction
technique thatmakesthegreedyalgorithmandpossiblyany othertestsuitegenerationmethod
moreefficient if thereductionin sizeis significant.We discussits meritsandlimitations,and
evaluatethetechniqueonactualsoftwaresystems.

1 Introduction

Softwaretestingremainsanimportanttopic in softwareengineering.A recentreportgeneratedfor
theNationalInstituteof StandardsandTechnology(NIST) foundthatsoftwaredefectscosttheU.S.
economy59.9billion dollarsannually[19]. While currenttechnologiescannothopeto remove all
errorsfrom software,thereportgoeson to estimatethat22 billion dollarscouldbesaved through
earlierandmoreeffective defectdetection.

Black-boxtestingis a type of software testingthat ensuresa programmeetsits specification
from a behavioral or functionalperspective. Thenumberof possibleblack-boxtestcasesfor any
non-trivial softwareapplicationis extremelylarge. Thechallengein testingis to reducethenum-
ber of testcasesto a subsetthat canbe executedwith available resourcesandcanalsoexercise
thesoftwareadequatelysothatmajority of softwaredefectsareexposed.Onepopularmethodfor
performingblack-boxtestingis theuseof combinatorialcoveringdesigns[9, 4, 6] basedon tech-
niquesdevelopedin designingexperiments.Thesedesignscorrespondto testsuites(i.e., a setof
testcases)that cover, or execute,combinationsof input parametersin a systematicandeffective
way, andaremostapplicablein testingdata-driven systemswherethemanipulationof datainputs
andtherelationshipbetweeninputparametersis thefocusof testing.As pointedoutby Dunietz,et
al. [9], a technicalchallengethat remainsin applyingthis promisingtechniquein softwaretesting



is theconstructionof covering designs.Therearetwo issuesthatneedto be considered:thefirst
andperhapsmoreimportantoneis thesizeof thecovering designsinceit dictatesthenumberof
testcases,andconsequently, theamountof resourcesneededto testa softwaresystem;thesecond
is thetime andspacerequirementsof theconstructionitself.

A greatdealof researchwork hasbeendevotedto generatingsmall testsuites[2, 3, 12, 13, 7,
14, 16, 22]. Most researchersfocuson uniform coverage of input parameterswith uniform ranges;
i.e., they considertestsuitesthatcover all � -wisecombinationsof the input parameters1 for some
integer � andthe input parametersareassumedto have the samenumberof values. While such
testsuitesapply to a large numberof situations,in practicenot all � -wise combinationsof input
parametershave equalpriority in testing[2, 17], nor areall parameterdomainsof the samesize
[3, 14]. Testersoftenprioritize combinationsof input parametersthat influencea system’s output
parametersover thosethat do not [2, 3, 8, 15, 20]. Determiningwhich set of input parameters
influencea system’s outputparameterscanbeaccomplishedusingexisting analyses[8, 15, 20] or
canbediscoveredin theprocessof determiningtheexpectedresultof a testcase.2

Givena system’s input-output relationships, a testermaywish to createa testsuitethatcovers
only thosecombinationsof inputparametersthatinfluencetheprogramoutputsin lieu of atestsuite
that coversall � -wisecombinationsof uniform input parameters.How shouldsucha testsuitebe
generatedsothatits sizeis smallandits constructionis efficient?To thisend,werevisit thegreedy
algorithm for testgenerationwhich wasfirst analyzedby Cohenet al. [4] in thecontext of � -wise
coverageof input parameterswith the sameranges.Not only is the greedyalgorithmapplicable
in this generalsetting,but we will alsoprove that thesizeof thetestsuiteit generatesis relatively
small– it is within a logarithmicfactorof theoptimal. Unfortunately, its mainweaknessesarethat
its timeandspacerequirementsbecomeprohibitiveasthenumberof inputparametersincreases.To
addressthis issue,we presenta problem reduction technique thatmakesthegreedyalgorithmand
possiblyany othertestsuitegenerationmethodmoreefficient if thereductionin sizeis significant.

In section � , we defineour termsanddiscussthe greedyalgorithmfurther. In section � , we
presentour problemreductiontechniqueandanalyzeits merits. Initially, we assumethat theinput
parametershave the samenumberof values;later on, we suggestseveral approacheson how to
extendour techniquewhenthe assumptionis no longer true. We thenevaluatethe techniqueon
actualsoftwaresystems,andconcludein section� .
2 Constructing small combinatorial test suites

Assumethat a softwaresystemhas � input parameterswhich influence� outputparameters.Let�
	���
�������������
����
be the setof the input parameterswhereeachparameter


��
has � � values. For

simplicity, we representthe � � valuesas the numbers� � � ��������� � � . Let ��� be the subsetof input
parametersthataffect the  th outputparameter, and ! 	"� � ����������� �$# � . If all theparametershave
the samenumberof values,we saythat the parametershave uniform ranges; if ! consistsof all
size-� subsetsof

�
, we saythat the parametershave uniform � -wise coverage. As we mentioned

earlier, we will assumethattheparametersneednothave uniform rangesnoruniform coverage.
1Suppose%'&)(*%,+-().).).,(/%�0 aretheinput parametersand %)1 has 231 valuesfor 46587'(,.).9.)(;: . A < -wise combination of the

input parametersis a < -tuple( =>1;?'().).).,(/='1/@BA where =>1DC is a valuefor parameter%,1DC for EF5G7'(,.).).9(*< .
2In orderto determinetheexpectedresultof a testcase,the testermustknow which input parametersinfluence,or

affect thecomputationof thesystem’s outputparameters.
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A test case H for the probleminstanceI �$� !KJ is a � -tuple ID� � � �)L ��������� � � J where � � is a value
of

��

for each M . Let � � 	N��
�� & ��
�� + ����������
��BO�� . The testcaseH covers onecombinationof � � :� � & � � � + ��������� � � O . A test suite P for I �Q� !KJ is a setof testcasesfor theprobleminstancethatcovers
all the � � &SR � � +TR ����� R � �BO combinationsof � � for each � �VU ! . In our discussion,we shall
arrangethetestcasesof P ascolumnsof a � RXW P W arraywhoserowsareindexedby


�������������
��
. An

importantgoalin softwaretestingis to constructP sothatits sizeis assmallaspossible.
Findingoptimal testsuitesfor arbitraryprobleminstances,however, is difficult. For instance,

SeroussiandBshouty[21] hasshown thatdecidingif anarbitrary I �Q� !KJ canbecoveredby a test
suiteof sizefour is NP-complete– even in the simple instancewhenall the parametersin

�
are

binary, andall thesetsin ! havesizetwo. Next, weanalyzethefollowing greedyalgorithmfor test
suitegeneration:at eachiteration,pick the unusedtestcasethat coversthemaximumnumberof
uncoveredcombinations.Cohen,et al. [4] werethefirst to obtainanupperboundon thenumberof
testcasesthegreedyalgorithmgeneratesin thecontext of pairwisecoverageof all inputparameters
with uniform ranges.They alsogeneralizedthe boundwhen the input parametershave uniform� -wisecoverage.Their resultis thefollowing:

Theorem 2.1 [4] Let
�

consist of � parameters, each of which has � values. If all the pairwise
combinations of the parameters in

�
have to be covered then the greedy algorithm will generate a

test suite whose size is at most YD� L I/Z\[^]�� L`_ Z\[^]ba �L>c JBd 	 �eI/� L I/Z\[^]�� _ Z\[^]��fJ,J .
To extendthis resultfor thegeneralsetting,we considertheset-covering problem. An instance

of theset-coveringproblemconsistsof a finite set g anda collection h of subsetsof g . Thegoal
is to find thesmallestsub-collectionikjlh sothateveryelementin g is coveredby or includedin
somesetin i . Theset-coveringproblemis NP-hard[11]. To find a sub-collectioni , we canalso
usethesamegreedyalgorithmwe just describedabove. This time,at eachiteration,thealgorithm
pickstheunusedsetthatcoversthemostremaininguncoveredelementsin g . It is known thatthe
sizeof theresultingsetcover is atmost I)� _ Znm Wporqts9uvW J timestheoptimal,whereowqts9u is thelargest
setin h , and Znm is thenaturallog [5].

Let us now castthe testgenerationproblemasa set-covering problem. Let g consistof all
combinationsof I �Q� !KJ thathave to becovered.For exampleif � � 	x��
�� & ����������
��BO�� , all � � &6R ����� R� � O combinationsof � � arein g . Let us alsorepresenteachtestcaseH of I �$� !KJ asa setwhich
consistsof all thecombinationsit coversin g , andlet h consistof all thepossibletestcases.Since
eachtestcasecoversexactly onecombinationof � � for  	 � ��������� � , every setin h hassize � .
Oncethetransformationwe have describedis complete,finding anoptimal testsuitefor I �$� !KJ is
thesameasfindinganoptimalsetcover for IDg � hyJ . Consequently, we have thefollowing result:

Theorem 2.2 Suppose a software system has � input parameters and � output parameters and the
combinations that need to be covered are described by the instance I �$� !KJ . The greedy algorithm
for test generation produces a test suite whose size is at most I)� _ Znmz�{J R �}|~H , where �}|}H is the
size of the optimal test suite.

We emphasizethat the approximationfactor in our theoremdependsonly on the numberof
outputparameters,andnoton thenumberof inputparametersnor their ranges.In thecasewhen !
consistsof all � -subsetsof

�
(asin thesituationdescribedin Theorem2.1), � 	 a � L'c soour theorem

statesthatthenumberof testcasesproducedby greedyis at most I)� _ Znm a � L>c J R ��|~H .
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3 A problem reduction technique

Thegreedyalgorithmhasmany attractive features:it is simpleto implement,flexible,andgenerates
a relatively smallnumberof testcases.However, its time andspacerequirementsgrow exponen-
tially asthenumberof input parametersincreases.This is dueto the fact thatat eachiterationit
needsto find theunusedtestcasethatcoversthemostnumberof uncoveredcombinations.If there
aretenparameterswith fivevalueseach,for example,thenateachiterationit mustcheckthecover-
ageof approximatelyninemillion testcases.It is this issuethatwe seekto addressin this section.
Oneobvious approachis to designa faster(anda morespace-efficient) algorithmfor generating
testsuites.This wastakenby Cohen,et al. [4] where,insteadof doinga bruteforcesearchat each
iteration,they implementeda greedyrandomheuristicthatfindsanunusedtestcasethatcoversa
large (but perhapsnot the maximum)numberof uncoveredcombinations.Our approach,on the
otherhand,is to make testgenerationmoreefficient via problem reduction. That is, given I �Q� !KJ ,
we reducethis instanceto I �F�D� ! � J sothat(i) W ��� W���W � W and W � �� W���W � � W for each , and(ii) any test
suite P � for I � � � ! � J canbetransformedefficiently to a testsuite P for I �Q� !KJ . If sucha reduction
is possible,thenwejusthave to find atestsuitefor I � � � ! � J usingthegreedyalgorithmor any other
testgenerationmethod.Sincethe input to thesemethodsarenow smaller, we expectthemto run
fasterandrequirelessspace.Indeed,thesmaller I ����� ! � J is with respectto I �Q� !KJ , thegreaterwill
bethegainin efficiency. First,we mentiontwo simplereductions.

R1: If ���Qj"� � , delete �$� from ! . This reductionis valid becauseany testsuitethatcoversall
thecombinationsof � � alsocoversall thecombinationsof its subsets.

R2: If

��

has only one value, delete

��

from
�

and from all � � ’s that contain

��

. SupposeP � is
a testsuitefor the reducedprobleminstanceI �F�D� ! � J . For eachtestcaseH � U P � , createa
testcaseH for theoriginalprobleminstanceby setting


��
equalto its only valueandall other

parametersto their valuesin H � . Sincethetestcasesof P � cover all combinationsof � �� , the
correspondingtestcasesfor theoriginal problemmustcover all combinationsof � ���� ��
���� .

For now, we will assumethat the parametersin
�

have the samenumberof values ����� .
Later on, we will extendour techniqueto parametersthat have non-uniformranges.Our general
techniquefor problemreductionfinds a base set of parameters

� �
, which is a subsetof

�
. Each
 � U � is thenmappedto a parameterin

� �
, say


 �
, so that in creatinga testcasefor theoriginal

probleminstance,thevalueof

��

is setequalto thevalueof

��

. Oneimplicationof this mapping
is that if


 �
and


 �
influencethesameoutput,say ��� , then


 �
cannotbemappedto


 �
; otherwise,

somecombinationsof � � will notbecovered.Weuseagraphto modelthis restriction.
Let � be the graphwhoseverticescorrespondto the � input parametersof the system.Two

nodesare adjacentif and only if their correspondinginput parameterstogetherinfluencesome
outputparameter;i.e., theinput parametersareelementsof some � � in ! . Let uscall � the rela-
tionship graph of theprobleminstanceI �$� !KJ . Wenow constructthemappingbetweenparameters,
andgeneratethetestcasesin thefollowing manner:

Step � : Properlycolor � (usingasfew colorsasyoucan);i.e.,assignacolor to eachnodeof � so
thatno two adjacentnodesareassignedthesamecolor. Let � bethenumberof colorsused.

Step � : For eachcolor M , pick a parameter

 ��

whosecorrespondingnodein � is colored M . Let���v	���
��� ��
��L ����������
��� � .
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Figure 1: The relationshipgraph for the problem instancewhere ��� �'�>���B�����-�-�>�-�9����� and � ����'� � �B� � �9� � � , �'� � �B�-��� , �'�����B�, ��B� � � , �'�, ��B��¡��B��¢�� , ����¡��B��£�� , ��� � �9��£��9��¢�� , ����¢��9� � ��� .
Step � : For each��� , construct� �� where


 ��
is anelementof � �� if andonly if oneof theparameters

in � � wascoloredwith M . (That is, mapevery parametercolored M to

���

.) Sinceno two
parametersin � � areassignedthesamecolor becausethey areadjacentin � , it mustbethe
casethat W � � W 	 W � �� W , for all  . Apply reductionR1 to

� � � � ��������� � �# � andcall theresulting
set ! � .

Step � : Constructa testsuite P � for I � � � ! � J .
Step ¤ : Finally, for eachtestcaseH � U P � , constructacorrespondingtestcaseH for I �$� !KJ in the

following way: for each

 �

, if

 �

wascolored M thensetits valuein H equalto thevalueof

 ��

in H � . Let P denotetheresultingtestsuitefor I �$� !KJ . Notethat W P W 	 W P � W .
An example. Let us now illustrate the reductiontechniquefor the following example. Let

�¥	��
�����
 L ����������
�¦�� and � 	 � . Let ! 	N�^��
�����
 L ��
�¦�� ,
��
 L ��
�§�� , ��
�§¨��
�©^��
�¦�� , ��
�©^��
�ª¨��
�«�� , ��
�ª¨��
�¬�� ,��
�����
�¬¨��
�«��

,
��
�«���
�¦��^�

. The relationshipgraph � is shown in Figure 1. We color � with four
colors: red (R), blue (B), yellow (Y), green(G). Let uspick oneparameterfor eachcolor:


��
for

red,

 L for blue,


�«
for yellow and


�¦
for green.Hence,

� � 	¥��
�����
 L ��
�«���
�¦�� . Let usnow replace
theparametersin each ��� with their correspondingparametersin

� �
:
��
 � ��
 L ��
 ¦ �®­ ��
 � ��
 L ��
 ¦ � ,��
 L ��
�§��K­¯��
 L ��
���� , ��
�§¨��
�©^��
�¦��e­°��
�����
 L ��
�¦�� , ��
�©^��
�ª¨��
�«��e­±��
 L ��
�����
�«�� , ��
�ª¨��
�¬��K­°��
�����
 L � ,��
�����
�¬¨��
�«��²­���
�����
 L ��
�«�� , and

��
�«���
�¦��²­���
�«���
�¦��
. Applying reductionR1, ! � 	��^��
�����
 L ��
�¦������
�����
 L ��
�«�������
�«���
�¦��^� . Thetablebelow containsa testsuite P � for I ����� ! � J .


��
2 2 2 1 1 1 2 1
 L 2 2 1 2 1 2 1 1
�«
2 1 2 2 2 1 1 1
�¦
2 1 1 1 1 2 2 2

Next, we transformP � into a testsuite P for I �$� !KJ accordingto step5. Thus,the rows cor-
respondingto


�§
and


�ª
areidenticalto that of


��
becauseall threeparameterswerecoloredred,

while the rows correspondingto

�©

and

�¬

areidenticalto thatof

 L becauseall threeparameters

werecoloredblue.

5




��
2 2 2 1 1 1 2 1
 L 2 2 1 2 1 2 1 1
�§
2 2 2 1 1 1 2 1
 ©
2 2 1 2 1 2 1 1
�ª
2 2 2 1 1 1 2 1
 ¬
2 2 1 2 1 2 1 1
�«
2 1 2 2 2 1 1 1
�¦
2 1 1 1 1 2 2 2

Theorem 3.1 At the end of step 5, P is a test suite for I �$� !KJ . That is, P covers all combinations
of all sets in ! .

Proof. Let � �³U ! and ID´ ��� ´ L ��������� ´ � J be a particularcombinationof � � . At theendof step3,
either � �� U ! � , or � �� is a propersubsetof somesetin ! � . In eithercase,since P � is a testsuite
for I � � � ! � J atstep4, P � coversall combinationsof � �� . Let H � bethetestcasein P � thatcoversthe
combinationID´ ��� ´ L ��������� ´ � J of � �� . ThecorrespondingtestcaseH of H � at step5 mustthencover
thesamecombinationfor � � . Sincewe chose� � andits combinationarbitrarily, we have proven
that P doescover all combinationsof all setsin ! . µ

Theorem 3.2 Suppose I �Q� !KJ was reduced to I ����� ! � J using steps 1 to 3 of our algorithm. If P·¶D¸�¹
and P �¶/¸�¹ are optimal test suites for I �$� !KJ and I � � � ! � J respectively, then W P·¶/¸�¹ Wv��W P �¶/¸�¹ W . In addition,
if ! � jº! , then W P ¶/¸�¹ W 	 W P �¶/¸�¹ W .
Proof. Accordingto Theorem3.1, if P �¶/¸�¹ is the testsuitechosenfor I ����� ! � J , thenstep5 of our
algorithmtransformsit into avalid testsuitefor I �$� !KJ whosesizeis W P �¶D¸�¹ W . Hence,W P �¶/¸�¹ W�»�W P·¶/¸�¹ W .
Ontheotherhand,when ! � jº! , P·¶D¸�¹ canalsobetransformedinto atestsuitefor I ����� ! � J . Arrange
thetestcasesof P·¶/¸�¹ ascolumnsof a � RbW P·¶/¸�¹ W arraywhoserowsareindexedby theparametersof

�
.

Deleteall rowscorrespondingto theinputparametersnot in
���

. SinceP·¶/¸�¹ coversall combinations
of all thesetsin ! � , thenew testsuitemustdo solikewise. Hence,W P·¶/¸�¹ W¼»�W P �¶/¸�¹ W andthetheorem
follows. µ

Thenext corollaryfollows immediatelyfrom Theorem3.2.

Corollary 3.3 Suppose ! � j½! . Let P � and P be the test suites generated at step 4 and step 5
respectively. If W P � Wv�¿¾zW P �¶/¸�¹ W for some ¾V» � , then W P W��¿¾�W P·¶/¸�¹ W .

Notethat W P·¶/¸�¹ W 	 W P �¶/¸�¹ W mayoccurevenwhen ! �`Àjº! . In ourexample,theset
��
�����
 L ��
�«�� lies

in ! � but not in ! . But theoptimaltestsuitesfor I �$� !KJ and I � � � ! � J bothhave sizeeightbecause
(a) at leasteight testcasesareneededto cover all combinationsof

��
 � ��
 L ��
 ¦ � , which lies in both! and ! � , and(b) thetestsuiteswe presentedfor bothinstanceshave eighttestcaseseach.On the
otherhand,it is alsopossiblethat W P·¶/¸�¹ WvÁ�W P �¶/¸�¹ W when ! � Àjº! . Wepresentonesuchexamplefrom
MeagherandStevens[17] in theappendix.

In thenext threecorollaries,we stateadditionalscenarioswhen W P·¶D¸�¹ W 	 W P �¶/¸�¹ W .
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Corollary 3.4 If the number of colors used in step 1 is � , and there exists an � � U ! such thatW ��� W 	 � , then W P·¶/¸�¹ W 	 W P �¶/¸�¹ W 	 � � .
Proof. Since ��� U ! , all combinationsof �$� mustbecoveredby any testsuiteof I �$� !KJ . Hence,W P ¶D¸�¹ W�» �)Â ÃwÄ*Â 	 � � . On the otherhand,since � colorswereusedin step1 and W � � W 	 � , � � 	� �� 	Å��
��� ����������
��� � . This meansthatevery other � �� is a subsetof � �� , so ! �Æ	Å� � �� � afterstep3.
Enumeratingall thecombinationsof � �� createsanoptimaltestsuitefor I � � � ! � J . Thus, W P �¶/¸�¹ W 	 � �
andby Theorem3.2, W P·¶/¸�¹ W�� � � . It follows that W P·¶/¸�¹ W 	 W P �¶/¸�¹ W 	 � � . µ

Thesituationdescribedin Corollary3.4 typically happenswhenthesizeof thelargestsetin !
is significantlylarger thanmostof theothersetsin ! . Thenext resultis implied by Corollary1 of
[17]. (We presenta proof for completeness.)Recallthatfor a graph � 	 I;Ç ��È J , É$I;��J , theclique
number of � , is thesizeof thelargest Ç � jºÇ suchthatall verticesin Ç � arepairwiseadjacent,andÊ I;��J , thechromatic number of � , is theminimumnumberof colorsneededto color � . It is well
known that É$I;��J � Ê I;��J .
Corollary 3.5 Suppose every set in ! consists of exactly two parameters. Let � be the relationship
graph of I �$� !KJ . If step 1 uses É$I;��J colors (i.e., Ê I;��J 	 É$I;��J ), then W P·¶/¸�¹ W 	 W P �¶/¸�¹ W .
Proof. Suppose

� � � j � formsa largestclique in � . Let ! � � consistsof all pairsof parametersin�F� �
. Since ! � � jË! , if P � �¶/¸�¹ is an optimal testsuitefor I �F� �D� ! � � J , then W P·¶D¸�¹ W`»ÌW P � �¶/¸�¹ W . Sincestep

1 usesÉ$I;�SJ colors,
� � 	Ë��
 �� ����������
 �ÍfÎ\ÏÑÐ � . Differentcolorswereassignedto all theparametersin�F� �

. Thus, ! � consistsof all pairsof parametersin
�F�

. But W ��� W 	 W �F� � W , and I �F�D� ! � J andI �F�p�D� ! � � J
have thesamestructure,so W P �¶/¸�¹ W 	 W P � �¶/¸�¹ W . And since W P �¶/¸�¹ WÆ»ÌW P·¶/¸�¹ W by Theorem3.2, it follows
that W P �¶/¸�¹ W 	 W P·¶D¸�¹ W . µ

We notethat therearemany graphs� where É$I;�SJ 	 Ê I;��J , including the family of perfect
graphs.

Corollary 3.6 If every set in ! consists of exactly two parameters, and step 1 uses at most three
colors, then W P ¶/¸�¹ W 	 W P �¶/¸�¹ W 	 � L .
Proof. Every test suite of I �Q� !KJ and I �F�D� ! � J must containat least � L test casesbecauseevery
outputsetin ! and ! � has � L combinations.Hence, W P·¶/¸�¹ W¼» � L and W P �¶/¸�¹ WÒ» � L . Whenstep1 uses
two colors,

� � 	Ó��
 �� ��
 �L � and ! � 	Ó�^��
 �� ��
 �L �^� so P �¶D¸�¹ consistsof all combinationsof
��
 �� ��
 �L � .

Therefore,W P �¶/¸�¹ W 	 � L .
Whenstep1 usesthreecolors,

� � 	x��
 �� ��
 �L ��
 �§ � and ! � is asubsetof !ÕÔ Ô 	��^��
 �� ��
 �L ������
 �� ��
 �§ �����
��L ��
��§ �^� . Clearly, every testsuitefor I ����� ! � � J is alsoa valid testsuitefor I ����� ! � J . Constructa� R � L arraywhoserowsareindexedby

 �� ��
 �L ��
 �§ asfollows. Let thefirst row consistof �¼� ’sfollowed

by �Ò� ’s, andsoforth until �Ò� ’s. Let thesecondrow consistof � sequencesof � � � ��������� � , andlet the
third row startwith thesequenceof � � � ��������� � , followed by cyclic rotationsof this sequenceuntil
thesequence� � � ��������� �ÑÖ×� is reached.When � 	 � , thearrayis asfollows:


 ��
1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4
��L 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
 �§
1 2 3 4 2 3 4 1 3 4 1 2 4 1 2 3
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It is straightforwardto checkthateverycombinationof everysetin ! � � is coveredby oneof the
columnsin thearray. Hence,I ����� ! � � J hasa testsuiteof size � L , so W P �¶/¸�¹ W�� � L and W P·¶/¸�¹ Wv� � L . µ

Assumingthatevery setin ! consistsof exactly two parameters,we cangeneralizetheabove
corollaryasfollows. Supposestep1 uses� colors,andthereis a testsuiteof size � L for I ����� ! �p� J ,
where

� � 	Ó��
 �� ����������
 �� � and ! � � consistof all pairsof parametersin
� �

. By applyingthe same
reasoningasabove, it mustbethecasethat W P ¶/¸�¹ W 	 W P �¶/¸�¹ W 	 � L . In [13], HartmanandRaskinlists
thesizesof thesmallesttestsuitesthat their CTSpackagehasfoundfor variousvaluesof � and � .
From this list, we know for examplethatwhen � 	 � and � 	 � � � � ¤ �>ØÙ�-Ú��-Û�� �^� � ��� � ��� , etc. thenW P·¶D¸�¹ W 	 W P �¶/¸�¹ W 	 � L .
Implications and limitations. We have notedthat themainweaknessof thegreedyalgorithmfor
testgenerationis thatat eachiterationit needsto checkthecoverageof almostall thepossibletest
casesof I �$� !KJ . In our case,W � W 	 � andeachparameterhas � valueseach,so therearea total of� � testcases.As � and � increase,thetimeandspacerequirementsof thegreedyalgorithmbecome
prohibitive. The problemreductionapproachwe introducedtries to make the greedyalgorithm
morefeasiblein practice.Whensay W � � W 	 � �¼Ü � , thenthetotalnumberof testcasesis reducedto� � Ô Ü � � . In addition,if W ! � W�Á�W ! W , thenthenumberof combinationsthatneedto becoveredis also
less.Both thetime andspacerequirementsof thealgorithmcandropsignificantly. Unfortunately,
it is possiblethat by applying the problemreductiontechnique,we will end up with a smaller
probleminstancewhoseoptimaltestsuiteis largerthantheoptimaltestsuiteof theoriginalproblem
instance. Theorem3.2 and the subsequentcorollariesstatesufficient conditionsas to when our
problemreductiontechniquepreservestheoptimalityof thetestsuitesize.

Whenis W � � W Ü W � W ? This happenswhen � , thenumberof colorsusedfor � , is small relative
to thenumberof nodesin � . In general,this would meanthat therelationshipsbetweentheinput
parametersbasedon their occurrencesin the � � ’s are relatively “simple”. On the other hand,
whenevery pair of the input parametersoccurtogetherin some � � , then � is a completegraph.
Consequently, W �F� W 	 W � W and W ! � W 	 W ! W , andourtechniquedoesnotreducethesizeof theproblem.
Wenote,however, thatthisis theonly instancewhennoreductionin thenumberof inputparameters
is possible.When � is notacompletegraphand Ç is its vertex set,thereis alwaysavertex ´ whose
degreeis at most W Ç W ÖV� . Thesubgraphinducedby Ç"Ö � ´ � canbecoloredwith W Ç W ÖÝ� colors
while ´ canbe assignedoneof the W Ç W ÖÞ� colorssinceit is not adjacentto all of the verticesinÇÝÖ � ´ � . Hence,Ê I;��J ��W Ç W ÖV� and

�
canalwaysbereducedby oneparameter. Therefore,if we

reduce I �$� !KJ to I � � � ! � J , andthe relationshipgraphof I � � � ! � J is not a completegraph,thenwe
canagainapplyourproblemreductiontechniqueto I ����� ! � J . Wesummarizebelow.

Remark 3.7 Suppose the input parameters in I �$� !KJ have uniform ranges. Our problem reduction
technique can be repeatedly applied to I �$� !KJ until the relationship graph of the resulting problem
instance is a complete graph.

Assumingthat a reductionin problemsizeoccurs,we will mostlikely have our greatestgain
when � is coloredwith as few colorsaspossible. However, coloring an arbitrarygraphis NP-
complete[11]. Whenthesizeof thegraphis not too large,exactalgorithmsfor optimalcoloring
maybefeasible.Recently, Byskov [1] andEppstein[10] have designedfasteralgorithmsfor exact
graphcoloring.Thereis alsoasimpleheuristicthatcolors � usingat most ß _ � colors,where ß
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Figure 2: The two graphs are used for generating a test suite for � � ��� ��àDá�â �9� ��à�á�â ���� àDá�â �B�,  à�á�â �B�-¡ à�ã�â �9��£ à�ã�â �B��¢ à�ä�â �B� ��àDä�â � , wherethe numbersin parenthesisindicate the rangeof eachpa-
rameter, and �"����å � �x�'� � �9�, ��9��¡��9��¢����9å � ���'� � �B�, ��B�-£��B� � ���9å��~����� � �9� � �B������� . The first graphhasa
coloring thatusesthe fewestnumberof colors. Thesecondgraphhasa coloringwhereno two parameters
with differentrangesizesareassignedthesamecolor.

is themaximumdegreein � [23]. Similarly, we know of no algorithmthatcanefficiently generate
anoptimaltestsuitefor anarbitrary I ����� ! � J . Hence,werely onothersub-optimalalgorithmssuch
asthegreedyalgorithmfor generatingP � .
3.1 Extensions to parameters with non-uniform ranges

Recallthat in our reductiontechnique,for eachcolor M , we pickedanarbitraryparameter

���

whose
nodein � wascolored M . In transforminga testcaseH � to H , thevaluesof all parameterswhose
nodesin � werecolored M in H arethensetequalto the valueof


 ��
in H � . If the rangeof


 ��
is

lessthanthe rangeof oneof theseparameters,somecombinationsof ! maynot becovered. We
suggestseveral approachesthat dealwith this issue,andmake useof the following problemin-
stancefor illustration:

�º	æ��
�� I*¤�J ��
 L I*¤�J ��
�§ I*¤�J ��
�© I*¤�J ��
�ª I*ç�J ��
�¬ I*ç�J ��
�« I*��J ��
�¦ I*��J � , wherethenum-
bersin parenthesisindicatethe rangeof eachparameter, and ! 	è� � �K	���
�����
�©^��
�ª¨��
�«���� � L 	��
 L ��
�©^��
�¬¨��
�¦���� � §$	���
�����
 L ��
�§��^� .
Approach � . For eachcolor M , choose


 ��
so that amongall theparameterswhosenodesin � are

colored M , its rangeis the largest. Thetestsuitegeneratedby our algorithmis guaranteedto cover
all combinationsof ! . Therelationshipgraphfor theexampleis shown in Figure2(a). We color
it with four colors,andchoose


 �é 	ê
�¬ , 
 �Ï 	æ
�ª , 
 �ë 	ê
�© and

 �ì 	æ
�« so

� � 	¥��
�©^��
�ª���
�¬¨��
�«��
.

We also have � � � 	 � �L 	í��
�©^��
�ª¨��
�¬¨��
�«��
and � �§ 	î��
�©^��
�ª¨��
�¬��

so ! �e	î�^��
�©^��
�ª¨��
�¬¨��
�«��^�
.

Generatinga testsuitefor I � � � ! � J is straightforward. Thecorrespondingtestsuitefor I �$� !KJ will
have ¤ R ç R ç R � 	 �^ç¨ï testcases.

Approach � . Do not assigntwo parametersthe samecolor if their rangesaredifferent. Oneway
to implementthis is to addan edgein � betweentwo parameterswith unequalranges. Again,
our algorithmwill generatea test suite that covers all combinationsof ! . Figure2(b) shows a
coloringof graph � of theexamplewhereonly parameterswith thesamerangesareassignedthe
samecolor. This modificationforcesus to usefive colors. We set


��é 	ð
��
,

��ë 	¥
�© , 
��ì 	Å
�¦

,
 �Ï 	

�ª and

 �ñ 	

 L so

� � 	ð��
�����
 L ��
�©^��
�ª¨��
�¦�� . Thenew outputsetsare � � � 	Å��
�����
�©¨��
�ª¨��
�¦��
,
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� �L 	Ë��
 L ��
 © ��
 ª ��
 ¦ � , and � �§ 	
��
 � ��
 L ��
 © � . We have reducedthenumberof parametersin
�

but
not thenumberof setsin ! .

A hybrid approach: Theweaknessof thefirst approachis thatwemayendupcombiningparameters
with large rangesin thesame� �� whentheseparameterswerenever combinedin theoriginal � � .
Consequently, we may producea testsuite P � whosesize is significantly larger than that of the
optimal test suite for I �$� !KJ . To alleviate the problem,we can assignthe samecolor to input
parameterswith similar ranges.For example,addanedgebetweenparameterswhoserangesizes
differ by at leasta certainvalue in the relationshipgraph,andusethe coloring on this graphto
constructthereducedprobleminstance.We notethatapproach2 hada stricterrule. This way, we
cangain somereductionin problemsize,andat the sametime prevent P � from beingtoo large
whencomparedto theoptimaltestsuite.

3.2 Case Studies

Theimportanceof finding efficient techniquesfor generatingtestsuitesfor non-uniforminstances
becameapparentin our currentresearchin black-boxtesting.We have to generatetestsuitesthat
cover all combinationsof input parametersthatinfluenceoutputparameters.Theinput parameters
have non-uniformrangesandtheoutputparametersareoften influencedby a differentnumberof
input parameters.Currently, we generatetest suitesusing a greedyheuristicsimilar to the one
presentedby Cohen,et al. [4]. As thesystemswe experimentedwith grew in sizeandcomplexity,
we foundthatthetimeandspacerequiredto generatethesetestsuitesbecamevery large.

Our goalfor thesecasestudieswasto evaluatetheeffectivenessof theproblemreductiontech-
nique in practice. To do so, we implementedthe greedyalgorithm for test generationon three
systemsandcomparedits runningtimebeforeandafterapplyingtheproblemreductiontechnique.
We alsoconsideredthesizesof the resultingtestsuitesin both instances.Two of thesystemswe
usedin thecasestudyareindustrialsystemsthatoneof theauthorswasassociatedwith while em-
ployed in thesoftwareindustry. TheDigital AccessCross-connectSystem(DACS) is a hardware
andsoftwaresystemusedto configureandtestdigital trunksin telephonesystems.Theprogram
waswritten at AT&T Bell Laboratoriesto provide aneasyway to rapidly configureandreconfig-
uredigital trunksin the laboratorieswhereDACSis usedin testingtelephoneswitches.TheData
ManagementandAnalysisSystem(DMAS) is usedby analyticalchemistsin the pharmaceutical
industryto performregressionanalysison datacollectedfrom experimentsconductedusingliquid
andgaschromatography. The third programwe usedis theLoanArrangerSystem(LAS), a soft-
wareusedto supportthemortgage-backsecuritiesbusinessandis describedby Pfleeger[18]. LAS
is usedasa softwareengineeringprojectat theUniversityof Wisconsin–Milwaukee.

For this study, we determinedeachsystem’s input-output(I/O) relationshipsusing the auto-
matedtechniquedescribedby Schroederet al. [20]. All programswere executedon a 1.6 Ghz
processorwith 512 MB of memory. Initially, we ran the greedyalgorithm to generatethe test
suites.Theresultsareshown below. Thefourth row indicatesthenumberof input parametersthat
influencetheoutputparameters.Thelastrow indicatesthesizeof theoptimaltestsuite.For two of
thethreesystems,thegreedyalgorithmgeneratedthesmallestpossibletestsuite.
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System DACS LAS DMASW � W 6 15 23W ! W 3 20 42
Sizesof ��� 3 1– 6 1 – 13

Generationtime .39sec 22.30sec 870.33secW P W 158 1536 5120W P·¶/¸�¹ W 150 1536 5120

To implementtheproblemreductiontechnique,we constructedtherelationshipgraphfor each
system,usedagreedycoloringscheme(p.176of West[23]) andapproach2 to colorthegraph.That
is, no two parameters’nodeswereassignedthesamecolor if their rangesweredifferent.Once I � � ,! � J wasconstructed,we usedthe greedyalgorithmto generateP � at step4 andthe procedureat
step5 to generatethetestsuite.Theresultsarepresentedbelow.

System DACS LAS DMASW ��� W 4 7 13W ! � W 3 2 1
Generationtime .05sec .66sec 3.41secW P � W 	 W P W 162 1536 5120

In eachof thesesystems,the problemreductiontechniqueproved to be an effective way to
generatetest suites. The generationtimes are at leastone order of magnitudefaster, while the
resultingtestsuitesizesareequalor closeto thatof theoptimaltestsuite.

4 Conclusion

In thispaper, we addressedtheneedto generatesmalltestsuitesefficiently whenthecombinations
that have to be coveredarespecifiedby the input-outputrelationshipsof a software system. In
particular, we did notassumethattheinput parametershave uniform rangesnoruniform coverage.
We revisited the greedyalgorithmfor testgenerationandproved that the numberof testcasesit
generatesin thissettingis at most I)� _ Znmz�{J R ��|~H , where� is thenumberof outputparameters
and �}|~H is thesizeof theoptimaltestsuite.We thenpresenteda problemreductiontechniqueso
thatwhenthereductionin problemsizeis significant,thegreedyalgorithmandpossiblyany other
testgenerationmethodis moreefficient in practice.Finally, wediscussedits meritsandlimitations,
andevaluatedit onseveralsoftwaresystems.Someof thequestionswewould like to pursuefurther
are:

ò SupposeI �Q� !KJ hasbeenreducedto I ����� ! � J by our problemreductiontechnique,and P·¶D¸�¹
and P �¶/¸�¹ are their optimal testsuitesrespectively. Doesthereexist a constantó suchthatW P �¶/¸�¹ W�� ó W P·¶/¸�¹ W ?ò Cantheproblemreductiontechniquebemodifiedsothat W P·¶/¸�¹ W 	 W P �¶/¸�¹ W in all cases?
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Figure3: Therelationshipgraphfor theprobleminstancegivenin theappendix.Nodes��ô and � �*õ aredrawn
twice to make thesymmetryof thegraphmoreapparent.

5 Appendix

Wepresentanexamplefrom MeagherandStevens[17] for whichourproblemreductiontechnique
doesnotpreserve theoptimalityof thetestsuitesize.Considerthefollowing instance:�V	���
�����
 L ����������
��÷ö�� whereall theparametershave � 	 � .
! 	��^��
�����
 L ������
�����
�§�������
�����
�ª�������
�����
�«�������
�����
�¦�������
�����
�ø�������
 L ��
�§�������
 L ��
�©¨������
 L ��
�¦�������
 L ��
�ø������
 L ��
 �÷ö ������
 § ��
 © ������
 § ��
 ª ������
 § ��
 « ������
 § ��
 �÷ö ������
 © ��
 ª ������
 © ��
 ¬ ������
 © ��
 ø ������
 © ��
 �÷ö ������
 ª ��
 ¬ �����
�ª���
�«�������
�ª^��
�ø�������
�¬¨��
�«�������
�¬^��
�¦�������
�¬¨��
�ø�������
�¬���
��÷ö�������
�«¨��
�¦�������
�«���
��÷ö�������
�¦^��
�ø�������
�¦^��
��÷ö��^�

The relationshipgraphfor I �Q� !KJ is shown in Figure3. To make the symmetryof the graph
moreapparent,we followedthesuggestionin [17] to repeatnodes


�ø
and


��÷ö
in thedrawing. The

graphcanbe ¤ -colored,asshown in thefigure. Applying steps� and � of theproblemreduction
technique,we have

�F��	ù��
�����
 L ��
�§���
�©^��
�ø�� and ! � consistsof all pairsof parametersin
���

; i.e.,
the relationshipgraphof I � � � ! � J is ú ª , thecompletegraphon five vertices. It is known that the
optimaltestsuitefor I � � � ! � J containssix testcases,so W P �¶/¸�¹ W 	 ç . Ontheotherhand,thefollowing
is a testsuitefor theoriginal I �Q� !KJ .


��
0 0 1 1 1
 L 0 1 1 0 0
�§
0 1 0 1 1
 ©
0 0 1 0 1
�ª
0 1 1 1 0
 ¬
0 0 0 1 1
�«
0 1 1 0 1
�¦
0 1 0 1 0
�ø
0 1 0 0 1
��÷ö
0 0 1 1 0
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Hence, W P ¶D¸�¹ W�� ¤ , so W P ¶/¸�¹ WûÁüW P �¶/¸�¹ W . If we considerthe array formedby rows indexed by
�����
 L ��
�§���
�© and

�ø

, thecombinationI/ï � ��J for
��
�����
�©��

and
��
�§¨��
�ø��

arenot covered.We refer the
readerto MeagherandStevens[17] for moreexamplesof probleminstanceswhere W P·¶/¸�¹ W�Á�W P �¶/¸�¹ W .
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